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Abstract 
Let G/K be a homogeneous space of compact Lie group pair (G, K). Then K acts on G/K by 
left translations. We study the condition on the pair (G, K) that the fibration 
GjK+ EKx,G/K-+BK 
is totally noncohomologous to zero. 
1. Introduction 
Let G be a compact connected Lie group and K be a closed connected subgroup. 
Then K acts on the homogeneous space G/K by left translation. We study the 
equivariant cohomology of the homogeneous space G/K. 
The Bore1 fibration 
GfK + EK xK G/K + BK (1.1) 
has differential graded algebra model 
P(GIK), 4 +-L (@(G/K) @ W)lK, D) + (W#‘, 01, (1.2) 
where Q(G/K) is the algebra of differential forms on G/K [1,6]. If the rank of 
G denoted by r(G) and that of K are equal, then (1.1) is totally noncohomologous to 
zero. In the present paper we consider the problem for which G/K the fibration (1.1) is 
totally noncohomologous to zero (TNCZ). Let n : G + G/K be the natural projection 
and NG(K) be the normalizer of K in G. Then N = N,(K)/K acts on G/K from the 
right and H(G/K)N denotes the set of fixed elements in H(G/K). We may identify 
H*(G) with A(G)G, the set of bi-invariant forms on G, and _4(G)G is isomorphic to 
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exterior algebra of PG the space of primitive elements. Let FG 1 K = Im rc* n PG. We 
set the following conditions: 
(Pi) 
(G,K) is a Cartan pair, namely dimpGlK = r(G) - r(K) 
r~* : H*(G/K)N + H*(G) is injective. 
Then we prove the following theorem. 
Theorem A. If G/K satisfies the conditions (Pi) and (P2), then the Jibration (1.1) is 
TNCZ. Namely q* is surjective. 
If the fibration (1.2) is TNCZ then the fibration 
(Q(GIK),d) ‘4 (rQ(G/K) 0 S(T)) + (S(T),()) (1.3) 
is also TNCZ, where T is a torus of K and ‘Q(G/K) denotes the set of left T-invariant 
forms. By the localization Theorem [l], we have 
dimH*(FT) = dimH*(G/K), (1.4) 
where FT is the fixed points set of T and dimH* denotes the total Betti number. 
Let X be an element of L(K), the Lie algebra of K. Then X determines avector field 
o(X) on G/K by 
CT(X)~ = $ (exp tX. P) , 
r=o 
here P is a point of G/K. 
Let Q2,(G/K) be a set of differential forms annihilated by the Lie derivative 
_& = i(aX)d + di(oX), where i(oX) is the inner derivation. The purturebed differen- 
tial dx = d + i(a(X)) and its cohomology was considered by several authors. If we 
take T to be a torus generated by X namely the closure of {exp tX: t E R}, then from 
the fact that (1.3) is TNCZ and the localization theorem we have 
dimH*(O,(G/K),d,) = dimH*(Fx) = dimH*(G/K), 
where Fx denotes the set of null points of a(X). We give an example which shows that 
condition (PJ is necessary. 
Let S1,S, be two circle subgroups of SU(3) defined by 
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Let M1 = SU(3)/S, and M2 = SU(3)/S,. Then Ml satisfies conditions (PI) and 
(Pz), whereas M2 satisfies (PI) but not (PJ, see Section 4. By direct computations 
we have 
dimH*(F,) = dimH*(M) = 4 for every X E L(S,) 
and 
2 = dimH*(Iix) < dimH*(M) = 4 for every X( ~0) E L(S,). 
In Section 2 we review on the cohomology of G/K and in Section 3 we study 
equivariant DGA maps and prove Theorem A. Finally in Section 4 we study spaces of 
type SU(n)/S’ and examine the condition to satisfy (PJ. The author would like to 
thank referee for many valuable comments. 
2. Equivariant DGA 
Let (E,d,) be a differential graded algebra over R (DGA). Suppose for each 
X E L(G), there is an antiderivation i(X) of degree - 1 
i(X):E* + E*-’ 
satisfying 
and the derivation 9x = i(X)d, + dEi(X) satisfies 
i(X). i(X) = 0 
9 [X,Y] = TXYY - 2YZX 
Zxi(Y) = i(Y)6c;, + i([X, Y]) 
for each X, Y E L(G). 
Then we say that G acts on E or E is G-DGA. 
Let A(G) be the exterior algebra of L(G)*, where L(G)* = Hom,(L(G),R). Then 
A(G) is a G-DGA (see [3]). We denote the Symmetric algebra of L(G)* by S(G). Let 
{Xi} (i = 1, . . . ,n) be a basis for L(G) and 0i be the dual basis for A’(G). The 
corresponding element o Bi in S1 (G) is denoted by Ui. If E is a G-DGA then the inner 
derivation i(X) is extended to E 0 S(G) by i(X)u, = 0 for all k. Let h be an antideriva- 
tion of E @ S(G) defined by 
w4 = 
c;= 1 vG)x~ %s if XEE, 
o 
if x E S’(G). 
Set 
(2.1) 
(E 0 S(G))G = {z E E 0 S(G): _I.Z’~Z = 0 for all X E L(G)). 
176 H. Shiga/Journal of Pure and Applied Algebra 106 (1996) 173-183 
We define a differential D of (E 0 S(G))’ by 
Dx = 
I 
dx - hx if XE E, 
0 if x E S(G). 
Then the G-equivariant cohomology of E is defined by H;(E) = H*((E 8 S(G))‘, D). 
If we take E = A(G) with usual inner derivation then ((A(G) @ S(G))‘, D) is a DGA. 
model of the total space of universal G-bundle. The DGA (A(G) @ S(G))’ is called 
invariant Weil algebra and denoted by W(G)‘. 
An element x of A(G)’ is called transgressive if there exists a w, in W(G)’ such that 
P(wJ = x and Dw, is an indecomposable lement of S(G)G, where P: W(G) + ,4(G) is 
natural projection. The set of transgressive element form a subspace PG of A(G)G and 
A(G)’ is the exterior algebra of PG (Theorem 2 in [4]). For each element x of PG, Dw, 
is uniquely determined. Then we have a linear map r: PG + S(G)’ defined by 
TX = Dw,. 
The DGA ((A(G) 0 S(K))K, D) is a model of EK xK G N G/K and 
H*(G/K) = H,*(G) N H*((A (G) @ S(K))K, D). 
Let I* : S(G)’ + S(K)K be a restriction of polynomial functions of L(G) to those on 
L(K) and set rK(x) = r*z(x) for x E PG. Let 6 be an antiderivation of A(G)’ @ S(K)K 
given by 6(x) = Z&X) for x E PG and 6(x) = 0 for x E S(K)K. Then the DGA map 
cp :@(WC 0 WQK, 6) + ((A(G) 0 W))K,D) 
defined by 
cp(x @ 1) = (10 r*)w, for x E PG, 
cp(l@y)=l@Y for y E S(K)K, 
induces isomorphism in cohomology [4]. 
Theorem 2.1 (Cartan [4]). There is an algebra isomorphism 
H*(G/K, R) 1: H*(A(G)’ @ S(K)K, 6). 
By Samelson’s Theorem [S] there is a subspace pG/K of PG such that the image of 
x* : H*(G/K) -+ H*(G) is isomorphic to the exterior algebra of pG/K. Let QK be 
a complementary subspace to pG/K in PG and J is an ideal of S(K)K generated by 
r*(S’(G)‘), here S’(G)G denotes elements of positive degree. 
Theorem 2.2 (Cartan [4], Greub et al. [S]). If(G,K) is a Cartan pair then the DGA 
map 
F: (A(G)’ 8 S(K)K, 6) + (@G/K) 0 S(K)K/J, 0) 
divided by the ideals J and A’(Q K zn ) f d uces an isomorphism in cohomology. 
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3. Proof of Theorem A 
A DGA map p: (A,d,) + (B,d,) is called K-equiuariant if iB(X)p = piA for all 
x E L(K). 
Proposition 3.1. Let p :(A, dA) + (B, dB) be a K-equivariant DGA map between K- 
DGAs. We suppose the following conditions: 
(1) p* : H*(A, dA) + H*(B, dB) is monomorphism. 
(2) Zf p = p(a) for d,-closed element 01 E A, then there is a DB ( =dB - hs) closed 
element $(/3) = CizO j?(n-2i) such that /_I(“) = /I, /?(“-2i)~ (p(Ane2’)@ Si(K))K 
(i = O,l, . ..). 
Then the cohomology class of CI lies in the image q:, where qA: 
((A @ S(K))K, DA) + (A, dA) is the canonical projection. 
Proof. Let CI be an d,-closed element of (A”)K. Then by (2) there are elements 
c&“)( =a), c&“-~) E (A’-’ 0 S2(K))K, . . . such that (1 @I p)(cc’“-“‘) = /?(“-2i). Then the 
element (1 @ p)(cP) + (~l@-~) + ...) is D,-closed. We show by induction that we can 
choose elements E(n-Zi)(i = 0, 1, . . ) with EC”) = tl(“) so that 
I; p(h,(cr’“-2i’) - h,,&(“-2if)) = 0, 
p(#-2’) _ a@-20) is ds_exact 
’ d $n-Zi-2) _h @-2i)=o 
As(sctme thit we have chAosen @‘-2k; E (AneZk 0 S(K))K for k = 1,2, . . . , i satisfying 
(a)-(c). Then 
dAhA(E(“-2i)) = - hAdACI(“-2i) (since E E (A n-2k 0 S(K))K) 
= _ hAhA&(“-2i+2) 
= 0. 
On the other hand, by (a) 
p(h,(cr’“-2i’)) = p(hA(a(“-2i))) 
= hBp(a(“-2i)) 
= dsp(a(n-2i-2)). 
Hence by (1) hACI(“-2i) is dA-exact. We choose tC(n-2i-2) such that 
dj$n-2i-2) = hA,-@-Zi). Then 
&(p(@-2i-2)) _ P(a(n-2i-2))) = P(dAE0-2i-2)) _ h,(p,@-2i)) 
= p(h,#(n-2i) _ h,a(“-2i)) 
= 0. 
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Hence if we add some dA-cocycle to E’“-2i-2), then the new C((n-2i-2) satisfies (b). We 
show (a) from inductive assumption (b). 
p(hAin-2i-2 _ h,a(n-2i-2)) = P(dA,-(n-20) _ hBp(@--2i--2)) 
= dBp(c(n-2i)) _ dBp(&-2i)) 
= dBp(&n-2U _ cI(n-2i)) 
Let Q(G), (resp. Q(G),) be the set of differential form on G with left (resp. right) 
action of K. Let q!: (R(G), @ S(K))K + R(G) and qr :(SZ(G), @ S(K))K + O(G) 
be natural projections. Then H*((Q(G), 0 S(K))K,Df) N H*(K\G) and 
H*((SZ(G), @ S(K))K,D,) 2: H*(G/K) by similar way as in Theorem 2.1. Let zr (resp. 
zP) be the projection G -+ G/K (resp. G -+ K \ G). Then the images of x,* and 7~) co- 
incide in H*(G) hence the images of qz and q? coincide. 
Lemma 3.2. Zfcl E S2(G)Nc(K) then i( E SZ(G)NG’K’. 
Proof. Let IZ be an element of N,(K). Then 
R3Wb),h, . . . 1 vi E T,(G) 
= (i(X)~)g,(Rn * Xg,R, * Ui, . . .) 
= cls(Xg, ul, . . . ) (by Nc(K)-invariance of a) 
= (V34,(% . . . ). 0 
Hence Q(G) NC(K) is (left) K-DGA. Then the natural projection 
qfr : ((I~(G),N”‘~’ 0 S(K))K, D) + (Q(G), 4 
induces monomorphism on cohomology by condition (Pz), and the K-equivariant 
DGA map 
8’: S2,(G/K)N + ((s2(G),““‘K’ 0 S(K))K 
defined by F(a) = X(U) @ 1 induces isomorphism on cohomology. Hence the composi- 
tion 
q;o(x 0 1):i2(G/K)N + Q(G) 
is (left) K-equivariant map inducing monomorphism on cohomology. We also have 
a (right) K-equivariant map 
q;: K(NG’K’S2(G), 0 S(K)) + Q(G) 
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and the images of (qr)* and (qy)* coincide, where NG(K)Q(G) is the set of left 
N,(K)-invariant forms. We have the following diagram: 
K(NG’K’Q(G), 0 S(K)) 
,(G/K)N”‘K’~ ~-2(G)r"'~' 0 s(K)jK ’ fk) 
Then by Proposition 3.1, the map 
q : @(G/l@’ 0 S(K))K + Q(G/K)N 
induces surjection on cohomology. 
Next we consider a left G-invariant cocycle CI of SZ(G/k) such that rc*(a) 0 1 is 
D-cohomologous to an element 10 /I E 10 S(K)K in ((L?JG) 0 S(K)K, D). Then we 
can choose an element y E (Q,(G) 0 S(K))K, which is also left K-invariant, such that 
a - B = D,y. Then we have 
h!a = h/a - h/B = h/Dry = - D,hpy. 
Then the element CI - h,y E (Q(G), 0 S(K)) K is D, - hf closed, hence a is q*-image, 
where h,, h, are defined in (2.1) via right (left) action. Any element of H*(G/K) is 
represented by a product of /1(pG ( K) and S(K)K by Theorem 2.2 and our proof of 
Theorem A is completed. 
4. Some examples 
First we give a condition equivalent to (P2). 
Proposition 4.1. Let (G,K) be a Cartan pair. Then (G,K) satisjies (PJ if and only if 
( j*(S(K)K))N = R, where j : (S(K)K, 0) -+ (FIN @ S(K)K, TK) is a DGA map induced by 
the inclusion. 
Proof. By Theorem 2.2, we have 
H*(G/K) 2: S(K)K/J &l(iiG ( K). 
Since N acts trivially on H*(G) it acts trivially on n(@G 1 K). The action of N,(K) on 
S(K)K is induced by the adjoint action on L(K). Then we see 
H*(G/K)N 2: (S(K)K/J)N @A(pG 1 K). 
Hence (G,K) satisfies (Pz) if and only if 
(S(K)K/J)N = ( j*(S(K)K))N = R. 0 
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Remark. The DGA map j corresponds to the fibration 
G/&+ BK’- BG 
and (P2) is equivalent to H*(BK)N = r*(H*(BG)). 
Corollary 4.2. Let (G, K) be a Cartan pair. Suppose r* : H*(BG) + H*(BK) is surjec- 
tive. Then (G, K) satisfies (PJ. 
Proof. Since r*(H+ (BG)) corresponds to the ideals J, the condition of Proposition 4.1 
is satisfied. 0 
Example. Let G be SU(n) and set 
K= 
Then the Cartan pair (G, K) satisfies (PJ. 
We study pairs of type (W(n), Sl). They are Cartan pairs. 
Proposition 4.3. A pair (W(n), S’) satisjies condition (P2) if and only if there is an 








where ml, . . . , mk is a real number with 2k I n. 
Proof. Let D be a diagonal subgroup of SU(n) then 
c L(SU(n)), 
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Then D is a Lie algebra of maximal torus. By conjugation theorem of maximal tori 
there is an element g E SU(n) such that 
Ad(g)I c L(D). 
Hence we may assume L(S’) c L(D) and set 
for some real numbers m 1, . . . , m, with Cy= 1 mi = 0. By the proposition on p. 74 in [2] 
O(L(S’)) n D = W(L(S’))) (4.4) 
where W(S’)) = UgPSUcnj Ad(g)L(S’) and W is a Weyl group with respect to D. 
Hence we see 
If g E NsUCn$, then there is an element cs E W such that Ad(g)) L(D) coincides with 
the action of CJ. Then L(S’) must be eigen line of (r and its eigen value is f 1. 
By the theory of invariant polynomials, it is known that S*(SU(n))S”‘“’ N 
RCI,, ... , Z,] and Zk is homogeneous polynomial of degree 2k of L(G)*. If we identify 
S*(S’) with R[t], then r*12 is nonzero multiple of t2. Hence in our situation the 
following two conditions are equivalent: 
(1) S*(S’)N = r*(S*(SU(n))s”c”‘), 
(2) L(P) is - 1 eigen space of some cr E W. 
L(S’) is - 1 eigen space of B if and only if 
ma(k) = - cmk fork = l,...,n, 
with some positive number c, where 0 is considered as a permutation of n letters. 
Suppose {i?li,, .. . , mi,} are the set of positive elements of {ml, . . . , m,}. Then 
I.%h), ... y m,(i,,} must be the set of negative lements. Hence the cardinality of the set 
of positive elements and that of negative’s must be equal. On the other hand, we have 
0 = f: mj = 5 mi, + i m,(i,) 
j=l j=l j=l 
= (1 - C) ,$ mij. 
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for some r E W, where ml, . . . , mk are positive. Conversely if L(S’) satisfies (4.9, it is 
clear that L(S1) is - 1 eigen line of some 0 E W. A Lie algebra of S’ 
is called generic if mi # mj for i # j. 
Proposition 4.4. Suppose L(S’) is generic. Then 
q* : H,*I(SU(n)/S’) + H*(SU(n)/S’) 
is surjective if and only 
Proof. By localization 
satisfy (P2) then 
if(SU(n),Sl) satisjies (PZ). 
theorem it is sufficient to show that if (SU(n),S’) does not 
dimH*((SU(n)/S’)S1) < dimH*(SU(n)/S’), 
where (SU(n)/S’)“’ denotes the set of fixed points of left S’-action. Then 
gOS1 E (SU(n)/S’)S’ 0 ggOS’ = gOS’ for all g E S’ 
* go E kJ(,,S’. 
Hence, we have 
(SU(n)/S’)“’ = Nsrqn$/S1. 
Then from the fact (4.4) and L(S’) is generic we see that if (SU(n)/S’) dose not satisfy 
(PJ, then Nsu&S1 = D. Thus 
dimH*((SU(n)/S’)S1) = dimH*(D/S’) = 2’-‘. 
On the other hand, dimH*(SU(n)/Sl) = 2”-‘. 0 
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